We study the interaction of neutrinos with matter of a rotating neutron star. First we examine the effect of the rotation on neutrino flavor oscillations and possible existence of bound states of low energy neutrinos in rotating matter. Then we consider the spin-down of a star during its early stages due to the neutrino emission. We find that low energy neutrinos indeed can get trapped, although the effect my not have observable consequences. Concerning flavor oscillations, only for neutrinos emitted with high angular momentum is there a small shift in the value of the electron density for the Mikheyev-SmirnovWolfenstein resonance. Finally, the spin-down due to neutrino emission was estimated be to near 10% and occurs only in the first few seconds of the core formation.
Introduction
Neutrinos, because of their weak interaction with matter, constitute unique signals in astrophysical processes. Neutrinos emitted from the Sun travel through the solar medium without interacting, revealing details of the nuclear processes in the Sun's interior. Solar neutrino experiments have also shown that these particles possess non-zero masses and that their flavors mix (see, e.g., Ref. [1] ). Neutrinos also play a significant role in the evolution of various astronomical objects like neutron stars. These particles carry away almost all of the gravitational energy loss in the collapse of a massive star during a supernova explosion. Neutrinos are also involved in the subsequent cooling of the neutron star formed at the center of the explosion (see, e.g., Ref. [2] ). Unfortunately, so far supernova neutrinos have been experimentally detected only once, from supernova SN1987A, by the available experiments at the time, namely Kamiokande-II [3] , IMB [4] , Baksan [5] and LSD [6] .
The fact that neutrinos are massive particles has many important consequences. Unlike photons that immediately escape the region where they are created, neutrinos with relatively small initial energies may form bound states inside or in the vicinity of various astrophysical objects. The most proper candidates for the formation of such non-trivial states are relic neutrinos. The possibility of gravitational clustering of relic neutrinos was studied in Ref. [7] . It was discussed in Ref. [8] that both Dirac and Majorana neutrinos can also create a superfluid condensate due to the Higgs boson interactions. We considered the situation of gravitational trapping of neutrinos by a massive black hole in Ref. [9] .
There is also the possibility that neutrinos emitted in a neutron star form bound orbits inside the star due to their collective interactions with neutron matter. This issue was studied in Ref. [10] . Neutrino trapping inside a rotating neutron star was discussed in Refs. [11, 12] . This effect results from the neutrino electroweak interaction with inhomogeneous moving matter. In Ref. [13] the effect of trapped low energy neutrinos on solar neutrino oscillations was considered.
Recently we developed an approach for the description of neutrino flavor and spin-flavor oscillations in various external fields [14] . The problem is formulated in terms of wave quantum mechanics and involves exact solutions to wave equations for a neutrino in an external field. In the present work we study the evolution of massive mixed neutrinos in inhomogeneous moving matter. In particular, we apply the treatment to the emission of neutrinos in a rotating neutron star.
In Sec. 2 we derive the transition probability for neutrino flavor oscillations, based on the recently found solutions to the neutrino wave equation in Refs. [11, 12] , which take into account neutrino electroweak interactions with rotating matter. The behavior of the neutrino wave is analyzed for various initial conditions, which involve both big and small initial angular momentum of neutrinos. In Sec. 6 we study problem of spin-down of the star due to the scattering of neutrinos with the rotating matter. This problem is solved perturbatively, treating neutrinos as colliding particles rather than using the wave mechanics approach of Sec. 2. Neutrino emission should be the main mechanism of spindown during the collapse and formation of the star core (in a time scale of 10 s). Instead, for later times (thousands of years), the main spin-down mechanism (at least in radio pulsars) is magnetic dipole radiation, although gravitational radiation, wind emission and other processes have also been suggested [15] . In Sec. 7 we discuss possible applications of the results. In Appendixes A and B we give the solutions in cylindrical coordinates to the wave equations for a neutrino in vacuum and in rotating matter, and compare our results with previous calculations.
General formulation
Let us first formulate the evolution of two neutrino flavor eigenstates ν λ , λ = α, β, interacting with moving matter due to the exchange of the electroweak Z and W ± bosons. Phenomenologically this interaction with matter can be implemented by means of a set of neutrino wave equations with the external fields f µ λ [16] shown below. In the flavor basis, neutrinos also have a nondiagonal mass matrix (m λλ ′ ). The Lagrangian for this system is then:
In our case of interest, the flavor α will be either µ or τ , and the flavor β will be e. The form of the currents f µ λ are determined by the neutrino interactions with the medium. In the case of a neutron star the medium consists of electrons, protons, and neutrons, with number densities n e , n p and n n , respectively, and n e = n p , corresponding to electrically neutral matter. Therefore, for the Standard Model neutrino flavors α (either µ or τ ) and β = e, the corresponding external fields have the following expressions [17] :
where G F is the Fermi constant and
are the hydrodynamical currents of each of the background fermion species. We also assume that all background fermions rotate as a rigid body, i.e. moving with same velocity v.
To study the evolution of the system (1) we diagonalize the mass matrix (m λλ ′ ) by introducing the set of neutrino mass eigenstates ψ a , a = 1, 2, with help of the matrix transformation:
Here θ is the vacuum mixing angle, where θ = 0 means ν 1 = ν α and ν 2 = ν e . After diagonalization the Lagrangian (1) reads
where the matter interaction term contains the 2×2 matrix (g µ ab ) in the mass eigenstate basis:
The Dirac equation for the neutrino mass eigenstates, obtained from Eq. (5), has then the form
where the last term corresponds to the off-diagonal elements of Eq. (6), so it is an interaction with the medium that mixes the different mass eigenstates. We solve Eq. (7) treating the last term (the mixing of neutrino types) as a perturbation, so that at zeroth order the neutrino types are decoupled. Also, since the typical energy of a neutrino emitted in a neutron star is ∼ 10 MeV whereas the neutrino masses do not exceed a few eV, the neutrinos are ultrarelativistic and we can treat the masses m a also as perturbations. Now, for a rigid rotating medium, the interaction depends on a velocity v(r) = Ω × r, where r is the radius vector from the star center and Ω is the angular velocity of the star. Also, since n n ≫ n e in a neutron star, then g 0 aa < 0 (a = 1, 2). So we define the positive potentials as:
Neutrino wavefunctions without flavor mixing
Using the chiral basis for the γ µ matrices in the convention of Ref. [18] ,
the equation for the left-handed component η a of the neutrino of type a at zeroth order (i.e. no off-diagonal term and no mass) is iη a = {iσ · ∇ +σ µ g µ aa }η a . We now look for the energy eigenfunctions of this equation. Given the axial symmetry of the problem, we use cylindrical coordinates. Then the eigenfunctions must be of the form η ∼η(r, φ)e −i(Et−pz z) . We find the energy eigenvalues in terms of an index "n" [see Eq. (62)]:
Here E (a)+ n is the energy of a particle (neutrino), containing an attractive potential "−V a ", while the negative value E (a)− n must be understood as −E (a)− n , the positive energy of an antiparticle (antineutrino), containg a potential potential term "+V a ", which is repulsive. We included the neutrino mass m a in the above expression for the energy, although we neglected it in the spinors.
The corresponding two-component spinors are given in terms of associated Laguerre functions I n,s (ρ) with an energy index "n" and a radial index "s" [see Eqs. (63) and (64)]:
and where ρ a = V a Ωr 2 (a = 1, 2) is a dimensionless radial coordinate. For further details of the derivation of Eqs. (10)- (11) the reader is referred to Appendix B and Refs. [11, 12, 14] .
In a rotating medium, the effect of rotation is largest for neutrinos propagating in the equatorial plane; choosing Z as the rotation axis, we then look for solutions which are z-independent, i.e. p z = 0.
In this case, when " n" is a non-negative integer, the energies in Eq. (10) are discrete values and the wavefunctions decay to zero as r → ∞. This is a required condition for low enough energies, see discussion below Eq. (14) , otherwise the wavefunctions would diverge inside the star before reaching the star radius.
Instead, for neutrinos with larger energies, the wavefunction reaches the edge of the star and should continue outside. For those cases the neutrino energy and the index "n" become continuous variables (we change the name n→ κ in this case), and the solution inside the star has the more general form:
where F (α, β, z) is a confluent hypergeometric function and the coefficients C satisfy the relation
considering the energy E a with the same expression as in Eq. (10), but with n→ κ, a continuous variable. For the wave function outside the star one must use the outgoing wave solution in vacuum given in Eq. (47), i.e.
where
are Hankel functions of the first kind and p ⊥ = E 2 − p 2 z − m 2 a is the momentum perpendicular to the rotation axis.
The coefficients C are related due to the continuity of the wave functions (12) and (14) at the neutron star surface, u
(R, φ). Eqs. (13), (44) and (48) completely define the coefficients for the solution corresponding to an unbound wave function.
As mentioned above, neutrinos could form bound states inside a neutron star, provided the energy is small enough. In those cases the energy (10) assumes discrete values, because otherwise the wave function would diverge before reaching the edge of the star. In Fig. 1 we present an example of wave function [see Eq. (11)] for l = 10 and s = 15 (solid line). It can be seen that the solution is a rapidly oscillating function in the inner regions and approaches zero for large radii. We also show in Fig. 1 (dashed line) as well as for l = 10 and s = 14.9 (dash-dot line), showing the divergence at large radii.
From the fact that E (a)+ n can be negative for a medium dominated by neutrons, as seen in Eq. (10), neutrinos of low kinetic energy can form bound states inside the star. On the other hand, antineutrinos cannot be bound because in their case the potential is repulsive. Limiting the analysis to p z = 0 only, the energy spectrum for the bound states is discrete. The maximum value of "n" for bound states can be estimated with the equation
This condition is independent from (but consistent with) the condition that the wave function should not diverge before reaching the star radius. The position of the last maximum in the wave function is approximately at ρ crit ∼ 2(n + s), and this point should be inside the star, i.e. ρ crit < V a ΩR 2 , where R is the star radius (remember the definition ρ ≡ V Ωr 2 ). This condition means n < V a ΩR 2 /2. Note that for antineutrinos there is small but non-zero potential barrier at the edge of the star. From the point of view of classical physics some low energy antineutrinos can be trapped inside of the star. However in the quantum these low energy particles will eventually tunnel though this barrier making bound states impossible.
We can estimate the index "n" in these bounds for the case of a neutron star. Taking a reference value for the neutron density n n = 10 38 cm −3 (close to nuclear density), we get a potential V a ∼ 7 eV. This is much larger than the natural neutrino masses expected from oscillation experiments, so the mass in Eq. (10) and Eq. (15) is indeed negligible. Now, for the angular speed Ω, we can take the Keplerian angular velocity Ω max = GM/R 3 (see Ref. [19] ) as a rough upper limit. Taking M = 1.5M ⊙ and R = 10 km one obtains for Ω max ∼ 10 4 s −1 (typical values are two or more orders of magnitude smaller). Eq. (15) then gives n ∼ 10
11 , a rather large number of bound states as well as nodes within the star. On the other hand, the condition for the wave function to fade before reaching the edge, n < V a ΩR 2 /2, gives also n ∼ 10 11 . The validity of the wave function method has one main drawback concerning wave coherence: it must be assumed that incoherent scattering can be neglected all over the star. This is particularly unlikely if the number of nodes is as large as 10
11 . Another drawback of this treatment concerns neutrino production: most neutrinos are produced with energies much larger than a few electron-Volts, and again, the production is in general an incoherent process.
Rotation and its effect on flavor mixing
So far we have neglected the off-diagonal elements of Eq. (6) which mix the neutrino mass states. Let us now include them as perturbations to study the effect of rotation in the mixing of neutrino flavors. The general solution of Eq. (7) can be stated in the following form (see also Ref. [14] ):
In Eq. (16) we consider the full state as an expansion in the eigenstates with time-dependent coefficients a ns (t), requiring the expansion to satisfy the evolution equation (7), and imposing the initial condition that the neutrino wavefunctions at t = 0 are of flavor β = e only.
Substituting the solution into Eq. (7) and using orthonormality of the spinors (11) we obtain the following set of ordinary differential equations for the functions a 
and a similar set of equations for b ns (t). Now, since we are interested in neutron star matter, we can assume densities close to nuclear matter or above, dominated by neutrons (n e ≪ n n ). Within this approximation, the spinor products in Eq. (17) can be easily calculated,
is the potential that mixes neutrino types, given in Eq. (6), and V = G F n n / √ 2 is the approximation of V 1 ≈ V 2 neglecting the electron density n e . Here we must keep terms linear in n e , otherwise g 0 12
would vanish, and the case of mixing would become trivial. To linear order in n e , we can take the arguments of the Laguerre functions in Eq. (11) to be equal, ρ 1 = ρ 2 , neglecting n e in Eq. (8) . To derive these results we used the properties (60) and (61) of the Laguerre functions, given in Appendix B.
The time evolution for a ns (t) given in Eq. (17), which is due to the flavor off-diagonal perturbation, has contributions from many levels {n, s}, making a general analysis rather complicated. One simplification occurs if we disregard neutrino-antineutrino creation or annihilation, which means no transitions between u + and u − states. In what follows we disregard antineutrinos, so we neglect the coefficients b The situation s ≫ l, occurs when the neutrino angular momentum at emission is small, corresponding to wave functions which are large near the center of the neutron star. In this case the coefficients a s±1 , and using Eq. (10), we get an evolution equation of the form:
Since, for non-bound states, s is a very large and continuous variable, we can define a continuous "momentum" variable inside the medium, k ≡ √ 4V Ωs, chosen to be the same for both neutrino types, as it is usually done in the treatment of non-rotating media [20] . In terms of more conventional quantities, ∆ and ω are then:
where Y e is, as usually defined, the ratio of number densities n e /n n in the star. In Eqs. (21) and (22) we take into account the non-zero masses of the neutrino mass eigenstates m 1,2 and use the standard notation δm
As one can see, Eq. (22) are practically independent of the rotation velocity Ω, and so the evolution equation reduces to the known case of neutrino oscillations in non-moving background matter. Therefore for neutrinos emitted in the center of a neutron star the rotation causes almost no effect on flavor oscillations.
Effect of rotation on flavor mixing for high energy neutrinos
In the previous sections we studied the evolution of low energy neutrinos using relativistic wave mechanics, finding the approximate eigenfunctions of the system. These wave functions nevertheless exactly take into account the angular velocity of a star. To analyze the behavior of high energy neutrinos we use the more standard Schrödinger approach of a two-state evolution based on an effective Hamiltonian, which can be projected into any kind of space functions, e.g., momentum eigenstates. The effective Hamiltonian for the ν β → ν α oscillations that takes into account the non-zero velocity of matter was found in Ref. [21] :
where β is the neutrino velocity, and the states are given in the basis of neutrino flavors, ν T = (ν α , ν β ). Notice that if a neutrino is emitted radially outwards, then β · v = 0, and the star rotation causes no effect on neutrino oscillations. This case corresponds to the emission of neutrinos with l ≪ s and it is in agreement with our result in the previous section. If a neutrino is emitted along -or directly opposite tothe linear velocity of the medium (see Fig. 2 ), there is a non-vanishing rotation effect on the flavor oscillations. This situation now corresponds to particles with large angular momentum, l ≫ s.
Realistic situations when the condition l ≫ s may occur are not well known, but it is known that the emission of neutrinos in the presence of strong magnetic fields is asymmetric with respect to the magnetic field direction. Therefore the emission of neutrinos with large l may occur in neutron stars with a strong toroidal magnetic fields inside. It was shown in Ref. [22] that this neutrino emission asymmetry can be up to 20% in strong magnetic field of a neutron star. The generation of toroidal magnetic fields with a strength of 10 16 − 10 17 G is predicted at some stages of a magneto-rotational supernova explosion (see Ref. [23] ). Let us define the star angular velocity by Ω = Ωe z and consider the neutrinos emitted with velocity β = βe y , as in Fig. 2 , and an impact parameter x (where x < R). The transition probability calculated on the basis of the effective Hamiltonian (23) has the form
Notice that the transition probability in Eq. (24) depends on y as the travelled path, and through H 11 it depends on the impact parameter x [see Fig. 2 ]. In Fig. 3(a) we show the maximal transition probability as a function of the relative electron density, Y e , in a medium with density ρ = 10 6 g/cm 3 , which corresponds to the crust of a neutron star. The dashed line corresponds to the neutrino emission along the linear velocity of the medium, v = Ω × r, and the dash-dotted line in the direction opposite to v. The rotation causes a shift of the resonance value for the number density. The relative effect is of the order Ωx ∼ 10% for a given angular velocity of the star, Ω ∼ 10 4 s −1 , and an emission impact parameter x = R/2 ∼ 5 km.
The above analysis applies to neutrinos emmitted from a specific point in the star. Let us now sum up the flux of neutrinos emitted towards a particular direction in space, but coming from all over the star region outside the neutrinosphere (neutrinos emitted inside the neutrinosphere are scattered or absorbed by the medium). The actual size of the neutrino sphere is still unknown because of lack of information of the density distribution inside the star. We will assume a radius of the neutrinosphere of a few kilometers.
It is known (see, e.g., Ref. [24] ) that non-electronic neutrinos can be emitted in a collapse of a supernova. We can define the flux of the neutrinos ν α = ν e as j α . Then, according to Eq. (24) some of the electron neutrinos will oscillate to ν α producing an additional flux of this neutrino type, δj α = F α j e , where j e is the initial flux of ν e . With help of Eq. (24) one can calculate the coefficient F α as an integration over the path y and the impact parameter x over one hemisphere of the star that is outside the neutrinosphere:
where for simplicity we suppose that neutrinos are emitted only in the equatorial plane. To calculate the integral in Eq. (26) it is more convenient to use polar coordinates: the radial variable runs from the neutrinosphere radius to the star radius, and the angular variable goes from −π/2 to π/2. One thus obtains the observed neutrino flux in a specific direction. The results of the integral (26) for the ν e → ν τ oscillations channel are presented in Fig. 3(b) , where one can see that the effect of the rotation in asymmetric with respect to the matter density: the dependence of the tau neutrino flux on the angular velocity is different whether the density is below (dashed lines) or above (dash-dotted lines) the resonance value of the nonrotating case, G F n (res) e / √ 2 = δm 2 cos 2θ/4E ν . The solid line corresponds to a density at its resonant value when Ω = 0. As one can see from this picture the effect of rotation is a decrease of the ν τ flux with respect to the non-rotating neutron star. We have studied ν e → ν τ rather than ν e → ν µ , because the typical oscillation length for the latter channel is much larger than a typical neutron star radius, and consequently the coefficient F µ should be much smaller than
No. Reactions
ν e e → ν e e 0.73 0.23 2 ν e p → ν e p 0.27 -0.23 3 ν e n → ν e n -0.5 0 4ν e e →ν e e 0.23 0.73 5ν e p →ν e p -0.23 0.27 6ν e n →ν e n 0 -0.5 7 ν x e → ν x e -0.27 0.23 8 ν x p → ν x p 0.27 -0.23 9 ν x n → ν x n -0.5 0 10ν x e →ν x e 0.23 -0.27 11ν x p →ν x p -0.23 0.27 12ν x n →ν x n 0 -0.5 Table 1 : The values of the coefficients g L,R in Eq. (27) for various channels of neutrino elastic scattering. The symbol νx means νµ or ντ .
Spin-down of a rotating neutron star due to neutrino emission
In this section we study the problem of the spin-down of a forming neutron star caused by the neutrinos emitted during the core collapse. The neutrino trajectory should bend as it propagates through the rotating medium due to collisions. However the method used in the previous sections is not applicable for the problem studied here. In Sec. 2 we described the propagation of neutrinos through a medium where incoherent scattering is neglected, and only dispersive forward scattering is taken into account: since we wanted to study the mixing of flavors in the propagation, we formulated the problem within relativistic wave mechanics, where the medium acts as a potential that alters the energy spectrum or the dispersion relation, but the medium is otherwise transparent and the wave functions obtained are coherent through it. Now, for the spin-down effect, the main cause of this are the collisions with the particles in the medium, a process that is, in general, incoherent. In fact, if collisions are too many (short mean free path), the analysis of the previous section does not apply, as the medium will not be transparent.
The matrix element for the neutrino elastic scattering with a background fermion f has the form (see Ref. [25] ), (27) where ν(k 1,2 ) are the initial and final neutrino spinors with the momenta k 1,2 = (ω 1,2 , k 1,2 ) and f (p 1,2 ) are spinors corresponding to a background fermion with the momenta p 1,2 = (E 1,2 , p 1,2 ). The coefficients g L,R depend on the neutrino scattering channel. Their values are presented in the table 1. Note that the reactions ν x e → ν e l x andν e e →ν x l x are not allowed inside a neutron star due to an energy threshold (see Ref. [25] ). For example, for the reaction ν µ e → ν e µ the threshold is 11 GeV whereas the typical neutrino energy is 10 MeV. Consequently Eq. (27) , only considers neutrinos conserving their flavor. In Secs. 2-5 we showed that the rotation does not influence the flavor transitions of high energy particles. The typical supernova neutrino energies are 10 MeV, and the spin-down effect can only be caused by these neurtinos, so we can assume with good accuracy that neutrinos keep their flavors while propagating through the rotating core.
From the effective interaction of Eq. (27), using standard techniques one derives the differential cross section:
for the collision of a neutrino ν e with a fermion f in the medium. Here d 3 k 2 = ω 2 2 dω 2 do is the phase space of the outgoing neutrino, and the square of the matrix element has the following general expression that depends on the fermion f :
where m f is the mass of the fermion f . We suppose that neutrinos are emitted radially symmetrically mainly from the central region of a neutron star. Therefore the momentum of an incoming fermion is perpendicular to the momentum of an incoming neutrino and we get the following relations between the three-momenta of the particles:
where the angles α ′ and β ′ fix the direction of the outgoing neutrino momentum with respect to the incoming neutrino. Indeed, after the collision a neutrino can be emitted in an arbitrary direction. Therefore one needs to have two spherical angles, α ′ and β ′ , to describe the direction of its momentum. In Eq. (30) v f = |p 1 |/E 1 = Ωr sin ϑ is the velocity of the incoming fermion f and ϑ is the angle between the angular velocity of a star and k 1 . Using Eq. (30) we obtain analogous relations for the four momenta
which are necessary for the calculation of the squared matrix element (29) . We can integrate over the three-momentum of the outgoing fermion, p 2 , since its subsequent evolution is irrelevant, obtaining the differential cross section in the form dσ
,
The factor |F | in the denominator of Eq. (32) appears when we integrate over the outgoing neutrino energy ω 2 and is due to special form of the energy conservation delta function. Using Eqs. (31) and (32) we obtain the e φ component of the outgoing neutrino momentum carried away in a single collision per unit time as
where J(r) is the total neutrino flux at the collision point. It is related to the neutrino flux at the surface of a neutron star by the following relation:
In Eq. (34) the solid angle is do = sin α ′ dα ′ dβ ′ and the neutrino energy ω 2 should be understood as a function of ω 1 , see Eq. (33). With help of Eq. (34) we can calculate the total angular momentum carried away by neutrinos per unit time just putting together the contributions of separate collisions,L
where n f (r) is the local number density of fermions f and d 3 r = 2π sin ϑ dϑ r 2 dr. In Eqs. (34) and (35) we suppose that all neutrinos are emitted spherically symmetrically near the central part of a neutron star.
The exact calculation of the neutrinos angular momentum in Eq. (35) requires the computation of a four-fold integral which has to be evaluated numerically. Nevertheless making the reasonable approximations one can calculateL z analytically. We have already mentioned in Sec. 2 that the number densities of protons and electrons are much smaller than that of neutrons. Therefore we should take into account the following scattering channel: νn → νn. In Sec. 2 we have calculated the Keplerian angular velocity which is ∼ 10 4 s −1 . Supposing that the radius of a neutron star is 10 km we get for its equatorial linear velocity ∼ 3.3 × 10 −1 . Thus we can treat v f in Eq. (33) as a small parameter. The typical energy of a neutrino from a neutron star is ω 1 ∼ 10 MeV. The energy of the incoming fermion E 1 in Eq. (33) is of the order of the neutron mass. Therefore the ratio ω 1 /E 1 is also small.
Basing on the approximations made above one rewrites Eq. (33) as
where v f = v 0 r sin ϑ/R and v 0 is the equatorial velocity of a neutron star. Using Eq. (29) and table 1 we get that for the reaction ν e n → ν e n the square of the matrix element is |M | 2 = 32G
2 F E 1 ω 1 . Finally from Eqs. (35) and (36) one arrives to the following expression for the angular momentum carried away by neutrinos per unit time:
where n n is the neutrons density. It is convenient to present the final result in the form of ratio of the angular momentum carried away by neutrinos per second and the initial angular momentum of a neutron star L 0 . Basing on Eqs. (37) we find for this ratiȯ
where we suggest a neutron star with the mass M as a solid sphere with the moment of inertia 2MR 2 /5 and M ⊙ is the solar mass. In Eq. (38) we take into account the reaction ν e n → n e n. The reactions of scattering ν µ,τ n → ν µ,τ n and ν e,µ,τ n →ν e,µ,τ n give the same contribution as in Eq. (38) in the leading order of v f and ω 1 /E 1 .
The results of the numerical simulations of the neutrino flux in a supernova explosion are given in Ref. [24] . The average neutrino neutrino luminosity just after the neutrinozation stage is L ν = 10 52 erg/s. For this luminosity we get the neutrino flux on the neutron star surface as J 0 = L ν /(4πR 2 ) ∼ 10 43 cm −2 s −1 , where we suggest that E ν ∼ 10 MeV. This average neutrino luminosity lasts a few seconds. After this time it drops down very significantly. Therefore basing on Eq. (38) we can estimate that neutrinos carry away about 10% of the initial angular momentum of a rotating neutron star with the mass of several solar masses and with number density ∼ 10 38 cm −3 .
Conclusion
Summarizing we mention that we studied neutrino flavor oscillations in rotating matter. The analysis was carried out in frames of the relativistic quantum mechanics. We used the earlier obtained solutions to the wave equation for a neutrino weakly interacting with inhomogeniously moving matter to solve the initial condition problem for the system of mixed neutrinos. Note that the use of the relativistic quantum mechanics method [14] is essential in describing neutrino flavor oscillations since it takes into account the coordinate dependence of the neutrino wave functions (11) . It was possible to derive the Schrödinger like evolution equation for the two component neutrino wave function for the important case of neutrinos with small angular momentum. This situation corresponds to the particles emitted close to the central region of a neutron star. It was found that rotation causes almost no effect on neutrino flavor oscillations.
We have studied the possibility for the existence of neutrino bound states inside a neutron star. The cases of neutrinos and antineutrinos are different. We revealed that low energy neutrinos can be trapped by the rotating neutron star whereas antineutrinos always escape. The applicability of the relativistic quantum mechanics method was analyzed. Despite this approach allows one to account for the interaction with external fields exactly it cannot be used for the description of the evolution of high energy neutrinos in dense rotating matter since these particles experience many incoherent collisions and it is difficult to form the coherent cylindrical wave inside a star.
To study the effect of the rotation on flavor oscillations of high energy neutrinos we used the standard quantum mechanical approach with the effective Hamiltonian which takes into account the motion of matter. It was revealed that the rotation of matter can slightly shift the resonance point of a non-rotating neutron star when neutrinos with big angular momentum are emitted. The situation of big angular momentum can be realized for neutrinos produced in URCA processes in a strong toroidal magnetic field. This effect would result in the small changes of the observed fluxes of neutrinos of different flavors.
In Sec. 6 we calculated the transfer of the angular momentum of a rapidly rotating neutron star due to the interaction of emitted neutrinos with background matter. We obtained that for the realistic densities and neutrino emission rates the typical value of the angular momentum carried away by neutrinos should be about 10% of the initial angular momentum of neutron star. Note that similar mechanisms of the angular momentum loss were discussed in Ref. [26] where even bigger values ofL z were obtained. Instead of Ref. [26] we performed more detailed calculations neutrino scattering process in frames of the electroweak theory and used the most resent data of the fluxes of supernova neutrinos. It is interesting to notice that the opposite effect, i.e. the acceleration of a neutron star rotation, was proposed in Ref. [27] for the case of neutrinos interacting with a strong toroidal magnetic field of a neutron star. Note that the effect of the neutron star spin-down due to the neutrino emission is significant in the initial stages of the neutron star formation when we have very strong neutrino flux. Unfortunately there is quite limited information about the initial angular velocities of neutron stars. An effort to infer initial angular velocities of neutron stars was made in Ref. [28] . It was revealed that there should be a significant uncertainty in the results. Thus there exists a possibility that neutrino emission can contribute to the spin-down of a neutron star.
A. Solution to the wave equation for a neutrino in vacuum in cylindrical coordinates
In this Appendix we find the solution to the wave equation for a neutrino in vacuum in cylindrical coordinates. In the chiral basis for the Dirac γ-matrices [see Eq. (9)] the Dirac field ψ(x) is expressed in terms of two 2-component chiral fields, η(x) and ξ(x) as ψ T = (η, ξ). If we neglect neutrino mass, the Dirac equation, (iγ µ ∂ µ − m)ψ = 0, separates into two independent equations, one for each of its chiral fields. In particular, the left-handed field η satisfiesη = σ · ∇η. In cylindrical coordinates (r, φ, z), the two components of η T = (η 1 , η 2 ) satisfy the differential equationṡ
We look for stationary solutions to Eq. (39), which must be of the form
where E is the energy and p z is the z component of the neutrino momentum. We can separate the variables (r, φ) introducing radial functions F 1,2 (r),
where l measures the z-component of the orbital angular momentum. For the radial functions we obtain the differential equations,
The solutions to Eq. (42) can be given in terms of Bessel functions. For standing waves that are regular at the origin, the functions u(r, φ) are:
where C 1,2 coefficients related by Eqs. (42). Using the identity for the Bessel functions,
one finds that the coefficients C 1,2 satisfy the relation
Normalizing the wave function as
and using the integral property of Bessel functions:
one finds that the coefficients C 1,2 must also satisfy the relation
Instead of standing waves like Eq. (43), we can have outgoing waves. These solutions are similar, but in terms of Hankel functions of the first kind, H (1) l (x):
The Hankel functions have the asymptotic behaviour of outgoing radial waves in the two dimensional plane:
Instead of the normalization (45) one has to define the particle flux at large distances, j ∞ . For a radial flow in two dimensions, the flux of particles through a circle of the large radius r has the form:
where we have assumed relativistic particles. From this expression, one can derive norm for the coefficients C 1,2 ,
On the other hand, the relation (44) is still valid for the wave function (47).
B. Solution to the wave equation for a neutrino in rotating matter
The wave equation for a Dirac fermion ψ interacting with an external axialvector field g µ = (g 0 , g) has the form [17, 29] ,
Here we are interested in the case of ultrarelativistic neutrinos, i.e when the mass in Eq. (49) is much smaller than the energy. The equations of motion for the left-handed η and right-handed ξ chiral components of the spinor ψ T = (η, ξ) decouple in the m = 0 limit, and the mass contribution can be included in perturbation theory. In this limit, for the active (left handed) component η, the Dirac equation (49) gives:
where the matter interaction term isσ µ g µ = g 0 + σ · g. The external field g µ with non-zero spatial components corresponds to the external electroweak field due to the moving background matter. In analogy to Eq. (6) we obtain for the three-vector part, g = g 0 v. We want to study the neutrino states inside a neutron star rotating with the angular velocity Ω directed along the z axis, Ω = Ωe z . Since g 0 < 0 in the case of a neutron star, we redefine this potential as V ≡ −g 0 . Accordingly, g = V Ω(ye x − xe y ).
It is natural to use cylindrical coordinates (r, φ, z) to solve Eq. (50), where:
Taking into account that Eqs. (50) and (52) do not depend on z, we look for a stationary solution of the form η ∼ u(r, φ)e −i(Et−pzz) . Using the analysis of Ref. [30] we can further separate the two coordinates r and φ in the twocomponent spinor u using auxiliary functions F 1,2 (ρ) as:
where ρ ≡ V Ωr 2 , and l is an integer so that the function of φ is single-valued. Since the system is invariant under rotations around the Z axis, u has definite value of J z (total angular momentum), which in our notation is equal to l − 1/2.
The functions F 1,2 satisfy the coupled equations:
which can be separated into two independent second order differential equations:
electromagnetic field and the neutrino motion in matter. However this analogy is just superficial. An electromagnetic field is gauge invariant. Therefore when we study the motion of an electron in an external magnetic field B = (0, 0, B), we can choose any gauge. In a gauge that keeps the cylindrical symmetry explicit, the vector potential A = (−yB/2, xB/2, 0) is required. The analog of this gauge is adopted in the present work. If the electron motion is studied in cartesian coordinates, the Landau gauge is more convenient, A = (0, xB, 0). This kind of gauge was used in Refs. [11, 12] . As shown in Ref. [30] , in the electromagnetic problem both gauges must give the same energy spectrum for the electron. However for the motion of a neutrino in rotating matter, the situation is different: there is no gauge freedom in this case. If one uses the analog of the Landau gauge, as in Refs. [11, 12] , one underestimates the matter contribution to the dispersion relation. Finally, to derive the lower component of the neutrino spinor u, we just need to use the identity (see Ref. [30] ), R 1 I n−1,s (ρ) = − √ 4V ΩnI n,s (ρ) to find the function F 2 (ρ). Thus we get the complete two-component spinor in the form u(r, φ) = √ 2V Ω √ 2π
The coefficients C 1,2 are related to each other due to Eq. (54) as
and their norm can be chosen to satisfy C We should take into account the property of the confluent hypergeometric function, F (l − n, l + 1, ρ) = l!Q l n−l (ρ)/n! and change the norm of the coefficients as:
Let us now discuss the limit of small angular velocities to establish the connection with the non-rotating case. For simplicity we study the case p z = 0 which is examined in Sec. 2. The limit Ω → 0 should be taken together with n → ∞, so that Ω · n = constant. Using the identity [31], lim n→∞ I n,n−l ((Er) 2 /4n) = J l (Er),
we reproduce the neutrino wave functions in vacuum (43). Therefore one can identify √ 4V Ωn with the neutrino momentum in the equatorial plane, p ⊥ , in Eq. (62).
